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Fermat’s Little Theorem
If p-prime does not divide aєZ+, then p divides ap-1-1 (notation: p|ap-1-1)

Notation:
Write aΞb (mod n) to mean that n|a-b. 
We say a is congruent to b modulo n in this case. 
The conclusion of Fermat’s Little Theorem can be stated as ap-1Ξ1(mod p)

The converse of Fermat’s Theorem is false: 
If an-1Ξ1(mod n), there is no guarantee that n will be prime. 

For example: 53Ξ1(mod 4). 

Any composite n that satisfies an-1Ξ1 (mod n) for some aєZ+ is called 
a pseudo prime with respect to a. 

To verify the status of some pseudoprimes, it is often  helpful 
to utilize the congruence notion for calculations.

In particular, consider this:
If aΞb (mod n) and cΞd (mod n) then acΞbd(mod n). 

By repeated applications of this fact, we have that 
atΞbt(mod n) whenever aΞb(mod n)

We can determine that a composite n is a pseudo prime for a given a in Z+

using the above properties in conjunction with Fermat’s Theorem.

Example: 91 is a pseudo prime with respect to 3. 

To see this, we begin 390=(36)15Ξ115(mod 7) by Fermat’s Theorem.
Then 390=(33)30=2730Ξ130(mod 13).
Thus both 7 and 13 divide 390-1, and so their product, 91, divides 390-1 
(because 7 and 13 are relatively prime).

How might one come up with a pseudo prime from scratch?
Lemma If q is an odd prime which does not divide a, ÞєZ+, Þ≥2, q-1|₱-1, 
and aq-1Ξ1(mod Þ), then n=Þq is a pseudo prime with respect to a.

Proof: ÞΞ1(mod q-1) is given, and qΞ1(mod q-1) is clear. 
By the first fact, ÞqΞ1(mod q-1). So we can write Þq-1=(q-1)k for some k.
Now aÞq-1=a(q-1)k=(a(q-1))k Ξ1k(mod q) by Fermat’s Theorem, 
since q does not divide a.
And aÞq-1=a(q-1)kΞ1k(mod Þ) by hypothesis.
Thus both Þ and q divide aÞq-1-1. Since gcd(Þ,q)=1, 
it follows that Þq divides aÞq-1-1 as well, so done∎

Letting q=7 we get
The 7 Lemma If 7 does not divide a, Þ≥2, 6|Þ-1, and a6Ξ1(mod Þ), 
then n=7Þ is a pseudo prime with respect to a.

Letting q=11 there is
The 11-LemmaIf 11 does not divide a, Þ≥2, 10| Þ-1, and a10Ξ1(mod Þ), 
then n=11 Þ is a pseudo prime with respect to a.

Using the 7-Lemma
To apply the 7-Lemma, note that the condition 
a6Ξ1(mod Þ) can be written as 
Þ|a6-1=(a3-1)(a3+1)=(a-1)(a2+a+1)(a+1)(a2-a+1) 
which equals(a-1)(a(a+1)+1)(a+1)(a(a-1)+1). 

Now make two sequences
{Þ=6j+1}: 7, 13, 19, 25, 31, 37, 43, 49, 55, 61, 67, 73, 79, 85, 91, 97, …
and
{a(a+1)+1}: 7, 13, 21, 31, 43, 57, 73, 91, 111,…
Then look for matches 

For instance,
31 does: 7•31=217 is a pseudo prime with respect to a=5 (31=a(a+1)+1) 
as well as a=6 (31=a(a-1)+1).

43 does: 7•43=301 is a pseudo prime with respect to a=6 
(43=a(a+1)+1),                                                                                                   
but not with respect to a=7 because gcd(7, 301)≠1.

Modified 7-Lemma

If q = 
𝑎 𝑎+1

𝑗
+1 or q = 

𝑎 𝑎−1

𝑗
+1 where

(i) q is prime   (ii) q-1|Þ-1  and   (iii) q Ξ 1 (mod 6). 

Then 7q is a pseudoprime for a when q does not divide a.

Condition (iii) implies that 𝑎𝑞−1 ≡ 1(mod Þ) 
because 𝑎6 ≡ 1(mod Þ) for Þ=a(a+1)+1 and Þ=a(a-1)+1.
This requirement is easy to meet, since any prime 
greater than 3 is ≡ 1 (mod 6) or ≡ 5 (mod 6).

By examining the values  
𝑎 𝑎+1

𝑗
+1 and 

𝑎 𝑎−1

𝑗
+1, 

sets of pseudoprimes come out of the woodwork. Let’s see…

Example: Let a=9. 

Then Þ+ = a(a+1)+1 = 91 and q+= 
9•10

𝑗
+1 = 

3•3•2•5

𝑗
+1  produces

7 (when j=15) which is divisible by 7, so discard
11 (when j=9) which is not ≡ 1 (mod 6)
19 (when j=5) yielding 7•19=133, a pseudoprime for 9
31 (when j=3) → 7•31=217, another pseudoprime for 9

Also, Þ- = a(a-1)+1 = 73 and q-= 
9•8

𝑗
+1 = 

3•3•2•2•2

𝑗
+1 produces

7 (j=12), no good-we saw
13 (j=6) → 13•73=949, 
19 (j=4) → 19•73=1387, 
37 (j=2) → 37•73=2701, 
all pseudoprimes w.r.t. to 9. 

Example: Let a=10. 

Then Þ+ = a(a+1)+1 = 111 and q+= 
10•11

𝑗
+1 = 

2•5•11

𝑗
+1  produces

3 (j=55), but 3 is not ≡1 (mod 6)
11 (j=11), but 11 is not ≡1 (mod 6)
23 (j=5), but again, 23 is not ≡1 (mod 6) 
so we have no luck this time.

Try Þ- = a(a-1)+1 = 91 and q-= 
10•9

𝑗
+1 = 

2•5•3•3

𝑗
+1 

which produces 3, 7, and 11 (discard all).
19 (j=5) → 19•73         
31 (j=3) → 31•73 give us two pseudoprimes for 10.

Furthermore, 19•73 = 1387 is seen to be a pseudoprime
for consecutive bases, a=9 and a=10.

Modified 11-Lemma 
Let Þ+ = a(a+1)(a2+1)+1 and Þ- = a(a-1)(a2+1)+1, 

with q+ = 
𝑎 𝑎+1 (𝑎2+1)

𝑗
+1 and q- = 

𝑎 𝑎−1 (𝑎2+1)

𝑗
+1 

where j divides the numerators. 
If in addition 

(i) q is prime          
and   (ii) q ≡ 1 (mod 10).          [q = q+ or q = q-]
Then qÞ+ is a pseudoprime for a provided q does not divide Þ+ or a.

Example: a = 2
Þ+ = a(a+1)(a2+1)+1 = 31

{q+ = 
𝑎 𝑎+1 (𝑎2+1)

𝑗
+1} = {

3•10

𝑗
+1} = {11, 31} yields q=11 and 11•31 = 341 

which is a pseudoprime for 2.

Example: a = 3
Þ+ = a(a+1)(a2+1)+1 = 121

{q+ = 
𝑎 𝑎+1 (𝑎2+1)

𝑗
+1} = {

3•22•10

𝑗
+1}  = {11, 31, 41, 61} give us the three 

pseudoprimes qÞ+= 31•121, 41•121, and 61•121.

Þ- = a(a-1)(a2+1)+1 = 61

{q- = 
𝑎 𝑎−1 (𝑎2+1)

𝑗
+1} = {

3•2•10

𝑗
+1} = {11, 31} yields the pseudoprimes

qÞ+ = 11•61 and 31•61 with respect to 3.

Theorem

Let q be a prime such that 
𝑞−1

2
is prime where  

𝑞−1

2
≡3 (mod 4).

Let P+ = 
𝑎
𝑞−1
2 +1

𝑎+1
and P- = 

𝑎
𝑞−1
2 −1

𝑎−1
. Let 𝑞𝑡|P+ and 𝑞𝑡+1 not divide P+.

And let 𝑞𝑠|P- and 𝑞𝑡+1 not divide P-.

(i) If a is a quadratic residue of 
𝑞−1

2
, then q• 

𝐏
+

𝑞𝑡
= 

𝐏
+

𝑞𝑡−1

is a pseudo prime with respect to a, provided q does not divide a.

(ii) If a is a quadratic non-residue of 
𝑞−1

2
, then q• 

𝐏
−
𝑞𝑠

= 
𝐏−

𝑞𝑠−1

is a pseudo prime with respect to a, provided q does not divide a.

In particular, 
(i) If q is a prime such that (q-1)/2 is prime with 
(q-1)/2Ξ3 (mod 4), then q is a divisor of 
a pseudoprime with respect to a = 2, 3, 4, …, q-1.

(ii) When aєZ+ there is a pseudo prime with respect to a for each such q, called a safe prime. 
(q-1)/2 is then called a Sophie Germain prime.

Remark: When the congruence condition is 
satisfied, q is a divisor of the Mersenne number 
2(q-1)/2-1. This was shown by Euler.
For example, 23|211-1 and 47|223-1.

Proof: Assume q satisfies above with ₱+ and ₱- given. 
There are two cases: 
(i) a is a quadratic residue of r=(q-1)/2            
(ii) a is a quadratic non-residue of r=(q-1)/2

Case (i) Then a(r-1)/2Ξ a(q-3)/4Ξ1 (mod r) 
by Euler’s Criterion.

Since r is odd, it follows that arΞ-1 (mod a+1), 
so ₱+  is an integer. 
From qt|₱+ we have that ₱+/qt is an integer as well.

Now (₱+/qt)-1 = [(ar+1)/qt(a+1)]-1 = [ar+1- qt(a+1)]/ qt(a+1) 
= [ar-a-a(qt-1)- qt+1]/qt(a+1). 

Note that r|ar-a (by F.T.), and r=(q-1)/2 divides  both qt-1 and  -qt+1.

It follows that r| (₱+/qt)-1 because r does not divide a+1 
(else aΞ-1(mod r) leads to a(q-3)/4Ξ-1(mod r) since (q-3)/4 is odd*, 
contradicting that a is a quadratic residue of r). 

*This is where we needed (q-1)/2Ξ3 (mod 4)

Also, since r is odd it follows that r-1 is even and so
₱+ = ar-1- ar-2 + ar-3- ar-4+…-a+1 is odd. 

Thus (₱+/qt) = [(ar+1)/qt(a+1)] is odd and so (₱+/qt)-1 is even.

This implies 2r = q-1| (₱+/qt)-1 .

From  (ar+1)/qt(a+1)| (ar+1)(ar-1) = a2r-1 = aq-1-1 
we have aq-1Ξ1 (mod ₱+/qt).

By the Lemma, n = q(₱+/qt) = ₱+/q(t-1) is a pseudoprime for a. This finishes case (i).

Case (ii) is similar, where a(r-1)/2Ξ a(q-3)/4Ξ-1 (mod r) by Euler’s Criterion 
and then (₱-/qs)-1 = [(ar-1)/qs(a-1)]-1 = [ar-1-qs(a-1)]/ qs(a-1)= [ar-a-a(qs-1)+ qt-1]/qs(a-1). 

Again, r divides ar-a, qs-1, and qt-1. Since r does not divide a-1 (a is a non-residue of r), 
We have that r|(₱-/qs)-1. Also, ₱- is odd since r is odd, and so 2|(₱-/qs)-1. 

Thus, 2r = q-1|(₱-/qs)-1 implying that aq-1Ξ1 (mod ₱-/qs) and we are done by the lemma.

The above result is related to a theorem by M. Cipolla (1904); If p is prime and p does not divide a or 

𝑎2 − 1, then 
𝑎2𝑝−1

𝑎2−1
is a pseudoprime with respect to a                                                                                                            

(implying the existence of infinitely many pseudoprimes with respect to a)

The product P+P =
𝑎2𝑝−1

𝑎2−1
where p = q-1.


