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Orbits Under Polynomials that Coincide with Subgroups of the Units of Z/nZ 
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• A binary operation, ◊, on a set A is a rule that combines any two elements  
a, b, of A, producing an element a◊b of A. That is: if a,bєA, then a◊bєA. 

 A group consists of a non-empty set G and a binary operation ◊ on G  
satisfying the following: 
• a◊(b◊c)=(a◊b)◊c for all a, b, c in G. 
• There is an element “e” of G such that a◊e=a and e◊a=a for all a in G. 
• For each element a in G, there is an element b in G so that a◊b=e and b◊a=e. 
That is, the binary operation ◊ is associative, there is an identity element,  
and each element has an inverse. 
  
 

 
We will focus on groups (G, ◊) where:  
• G is the set (Z/nZ)* = All natural numbers a such that a & n have  
no common divisor other than 1, which is the set {aєN|gcd(a,n)=1}.  
• a◊b=the remainder the ordinary product ab leaves when divided by n 
(multiplication “modulo n”) 
The symbol •n  is used to describe our binary operation instead of ◊. 
 
Example: G=(Z/9Z)* and ◊=•9: 5•94=2, and 7•97 =4.  
The identity element is 1, and the inverse of 2 is 5, the inverse of 4 is 7,  
the inverse of 8 is itself because 2•95=1, 4•97=1, and 8•98=1, respectively.  

 
 
 
 

 
 
When the context is clear, we often omit the symbol •n  
from the group (Z/nZ)* 
 
Given a polynomial function f, and an integer a, we consider the orbit of a under f :  
{f(a), f(f(a)), f(f(f(a))), …}, which is an infinite set. 
 
Example: f(x)=x2-x+3, and a=1 gives us {3, 9, 75, …}. 
We are able to “re-apply” f to the output value f(a), since the domain of any  
Polynomial is all real numbers, so it makes sense to have f(f(a)),  
and therefore f(f(f(a))), and so on. 
 
We can also consider the orbit under a polynomial of an element of the  
group (Z/nZ)*: Example: Let f(x)= x2-x+3, and look at the orbit of 2 from  
(Z/9Z)*={1, 2, 4, 5, 7, 8}.  
f(2)=5, f(f(2))=f(5)=5, and so the orbit of 2 is the set {2, 5}. 
 
 
 
 
 
 
 
 
However, there is a complication that arises: For f(x)=x2-x+3, since f(1)=3,  
which is not in the set (Z/9Z)*, we are unable to consider the orbit of 1.  
We want the orbit of 1 to consist of group elements. 
 
 
 
 

 
 
 
 
Remedy: Let n be a power of 2.  
Then (Z/nZ)*={1, 3, 5, …n-1}=all odds less than n.  
 
We can now be sure that f(a) is odd when a is odd under certain 
conditions on the polynomial f. Those conditions are given in the 
following cases (up to 4th degree polynomials f): 
 
• f is linear, f(x)=ax+b (where n=2k does not divide a, and both a 
and a+b must be odd) 
 
• f is quadratic, f(x)=ax2+bx+c (where n=2k does not divide a, and 
both b and a+b+c must be odd) 
 
• f is cubic, f(x)=ax3+bx2+cx+d (where n=2k does not divide a, and 
both a+c and a+b+c+d must be odd) 
 
• f is a quartic, f(x)=ax4+bx3+cx2+dx+e (where n=2k does not 
divide a, and both b+d and a+b+c+d+e are odd) 
 

Example: For G=(Z/16Z)* and f(x)=x2+x+3, the orbit of 1 is {1,5}. 
For G=(Z/32Z)* and f the same, the orbit of 1 is again {1,5}. 
For G=(Z/64Z)* and f the same, the orbit of 1 is {1,5, 33, 37}. 
 
Example: G=(Z/16Z)*={1, 3, 5, 7, 9, 11, 13, 15} and f(x) = x2+x+1. 
The orbit of 1 under f is the set {3, f(3)=13, f(f(3))=f(13)=7, f(7)=9, 
f(9)=11, f(11)=5, f(5)=15, f(15)=1}.  
 
We will denote this by: 
 1→3 →13 →7  
↑                 ↓     The entire group is represented by this orbit, 
15←5←11←9    which is a “cycle” of length 8 

Example: Consider G=(Z/32Z)* and the same f.  
 
The orbit of 1 under f is  
1→3 →13 →23 →9 → 27 →21 → 15 
↑                                                          ↓ 
31← 5 ←11 ←25 ←7 ←29 ←19 ←17    
Again, the entire group is seen in this orbit. 
                                                          

 
 
 
Example: G=(Z/16Z )*and f(x)=x2+3x+1. 
The orbit of 1 under f is: 
1→ 5      These elements form a subgroup of (Z/16Z)*  
↑   ↓     because the set H={1, 5, 9, 13} is a group under 
13←9     the same operation, •16 

 

                 H is an index two subgroup since  
                (#elements in G)/(# elements in H)=2. 
 
The other four elements 3, 7, 11, and 15 of the full group 
G=(Z/16Z)* are fixed by f, that is,  
f(3)=3, f(7)=7, f(11)=11, and f(13)=13. 
 
 
 
 

Example: G=(Z/32Z)* and f(x)=x2+3x+1 as before  
produces the following orbits: 
1→ 5 →  9 →  13          3↔19     11↔27 
↑                        ↓ 
29←25 ←21 ←17        With 7, 15, 23, 31 fixed by f. 
 
The orbit of 1 is again an index 2 subgroup of G=(Z/32Z)*  
 
  Example: G=(Z/64Z)* with f(x))x2+3x+1 once again: 
1→5 →41 →13 →17 →21 →57 →29 
↑                                                           ↓ 
61←25 ←53 ←49 ←45 ←9 ←37 ←33 
 
3→19           11 → 27    with 7, 15, 23, 31,  
↑    ↓            ↑    ↓     39, 47, 55, and 63 
51←35           59←43    fixed by f. 
 
The above orbit is an index 2 subgroup of the 
parent group G as before. 

• Cycle structure  of orbits  under a given f 
“grow” in a consistent manner 

Example: Let f(x)= x2+3x+3 
 
(mod 16):   1→7       3 → 5 
                    ↑  ↓      ↑   ↓  
                    15←9     13←11 
The orbit of 1 is an index 2 subgroup of G=(Z/16Z)* 
 
(mod 32): 
1→ 7  → 9  → 15      3→21→27→13 
↑                       ↓      ↑                    ↓ 
31←25 ←23 ←17     29←11←5←19 
The orbit of 1 is again an index 2 subgroup of G=(Z/32Z)* 
 
(mod 64):  
1 →7→9→ 47→49 → 55 → 57 → 31 
↑                                                          ↓   an index 2 subgroup 
63←25←23←17←15←41←39←33 
 
 
 
Example: f(x)= x2+7x+1 (mod 32) 
 
1 →  9      This is an index 4 subgroup 
↑    ↓       of G=(Z/32Z)* 
25←17     
 
3→31→27→23     The orbit of 3 is an “8-cycle” 
↑                    ↓       
7←11←15←19 
 
5→  29 
↑     ↓ 
13←21 

 
 
 

 
We explore the connection between orbits of the identity, 1 (modulo n)   
and the algebraic structure of the group G=(Z/nZ)*: 
1. When is the orbit of 1 under f -denote Orbit(1)f -a cycle? 
2. If Orbit(1)f  is a cycle, 
• When will the elements of this orbit form a subgroup of G? 
•What algebraic structure is seen in this and other orbits? 
 
 
 
 
 
        

Cubic examples: 
 
Example:  f(x)=x3+2 (mod 32) 
 

1→3→29→7→25→11→21→15     The full group 
↑                                                   ↓ 
31←5←27←9←23←13←19←17 

Example: f(x)= x3+2x+2 (mod 32) 
 
1 → 5 → 9 → 13      Index 2 subgroup 
↑                      ↓ 
29←25←21←17 
Along with eight fixed points: 3, 7, 11, 15, 
19, 23, 27, and 31 
 
Example: f(x)= x3+2x+4 (mod 32) 
 
1 → 7 → 9 → 15        3 → 5 → 11 → 13 
↑                      ↓      ↑                        ↓  
31←25←23←17      29←27←21← 19 
Index 2 subgroup 
 
4th Degree Example: 
 
f(x)=x4+x+1 (mod 32) 
 

1→3→21 → 7 → 9 → 11 →29→15     The full group 
↑                                                      ↓ 
31←13←27←25←23←5←19←17 
 
 
 

These examples illustrate a variety of cycle decompositions, but 
there is a common thread: 
 
Lemma  If f: (Z/2kZ)* → (Z/2kZ)* is a one-to one (different input 
produce different output) polynomial with integer coefficients, then 
the cycles of f must each have length a power of two. (proof omitted) 

Largest Cyclic Subgroup within an orbit of 1 
 
A group G is cyclic  if every element of G is a power of a fixed  
element a (called a generator). We write G=<a> in this case. 
 
Example: (Z/7Z)*={1, 2, 3, 4, 5, 6} under •7 is cyclic  
with 3 as a generator, since 3=31, 3•73 =32=2,   
3•73•73=33=2•73=6,  3•7 3•7 3•7 3=34=2•72=4,  
3•7 3•7 3•7 3•7 3=35=5, and 3•7 3•7 3•7 3•7 3•7 3=36=1.  
Thus, (Z/7Z)*=<3>. 
 
Since 6 is the least positive power of 3 that produces  
the identity, 1, we say that the order of 3 is 6. 
 
All cyclic groups having the same number of elements are structurally  
identical (called isomorphic). For this reason, we denote the cyclic  
group having m elements by Zm. Thus, (Z/7Z)* under •7 is really “just” Z6.  
 
Example: (Z/9Z)*={1, 2, 4, 5, 7, 8} under •9 is cyclic, 
with 2 as a generator (the order of 2 is 6).  
 

Algebraically, (Z/7Z)* under •7  and (Z/9Z)* under •9 are the same. 
 
Example: (Z/8Z)*={1, 3, 5, 7} under •8 is not cyclic, since there is 
no element having order 4. 
 
For k≥3, the group G=(Z/2kZ)* is isomorphic to Zk-2xZ2, which tells us  
that G is not cyclic and has an index two cyclic subgroup that is  
structurally the same as Zk-2.  
 
Fact: every subgroup of a cyclic group must be cyclic as well.  
It need not be the case that every subgroup of Zk-2xZ2 is cyclic. 

 
 
 
      Example: 
      Returning to f(x)= x2+x+1 (mod 32), 
       The orbit of 1 under g(x)=f(f(x))=f2(x) is the set  
       H={1, 13, 9, 21, 17, 29, 25, 5}, which is itself a subgroup of G=(Z/32Z)*.  
       Moreover, it is cyclic: H=<13>. 
        
       Note: the orbit of 1 under f is not cyclic, as it is the whole group (Z/32Z)*. 

The orbit of 1 under f2 (mod 64) is a cyclic subgroup as well:  
It is H=<13>={13, 41, 21, 17, 29, 57, 37, 33, 45, 9, 53, 49, 61, 25, 5, 1}. 

Example: 
Returning to f(x)= x2+3x+3 (mod 32) 
The orbit of 1 under f is a non-cyclic index two subgroup of G=(Z/32Z)*.  
The orbit of 1 under f2 is H={9, 17, 25, 1} = <9>, again cyclic. 
 

The orbit of 1 under f2 (mod 64) is H={9, 49, 57, 33, 41, 17, 25, 1}=<9>, 
once again a cyclic subgroup of the parent group G=(Z/64Z)*. 

Example: 
Returning to f(x)=x4+x+1 (mod 32), the orbit of 1 under f2 is 
{21, 9, 29, 17, 5, 25, 13, 1}=<21> is a cyclic subgroup. 

Lemma 
If f is a one-to-one polynomial with integer coefficients from (Z/2kZ)* 
into (Z/2kZ)*, and if the orbit of 1 under f is a subgroup of G=(Z/2kZ)*, 
then the orbit of 1 under f2 is cyclic. (proof omitted) 

Orbits under Composites and Conjugation 
 
We have seen that the orbit of 1 under the composite f2 of f with 
itself produces a cyclic subgroup of the (non-cyclic) parent group G. 
We consider the effect of a conjugate of a polynomial f by another 
polynomial g: 
 
If g is a function, then we can define the function g-1 by g-1(a)=b if 
g(b)=a. That is, g-1 reverses the effect of g on b. 
 
The function g-1fg which sends x to g-1 (f(g(x))) will satisfy all of the 
conditions initially stated, so that the orbit of 1 may contain some 
algebraic structure as before.  
 
We can be sure that the “cycle decomposition” of g-1fg will be 
identical (the same number of orbits of a given length) to that of f, 
since these functions f and g are elements of a symmetric group.  
 
However, we cannot assume that the orbit of 1 under such a 
conjugate will have the same algebraic structure as the orbit of 1 
under f. 
              Let’s see. 

Example: 
 
Let f(x)=x2+3x+3 (mod 64) and g(x)=x2+3x+13. 
The orbit of 1 under f was seen to be the following: 
 
1 →7→9→ 47→49 → 55 → 57 → 31 
↑                                                          ↓   an index 2 subgroup 
63←25←23←17←15←41←39←33    (not cyclic) 
 
While the orbit of 1 under g (mod 64) is:    
 1 → 17 
 ↑     ↓    an index 8 subgroup 
 49←33 
 
The other cycles of g are: 
13 → 29       5 → 53      9 →57       3→31→43→7→19→ 47 → 59 → 23 
 ↑     ↓        ↑    ↓       ↑    ↓      ↑                                                         ↓ 
 61←45        21←37     25←41     55←27←15←51←39←11←63←35 
 
 Now consider the conjugate g-1fg  of f by g (we could also consider gfg-1). 
 
The orbit of 1 looks like this: 
 
1→59→41→35→49→43→25→19      This is the cyclic subgroup <59> 
↑                                                       ↓ 
51←57←11←17←3←9← 27 ← 33 
 
The other orbit is below. 
 
5→15→29→39→21→31→45→55 
↑                                                       ↓ 
23←13←63←53←7←61← 47 ← 37 
 
Thus, the orbit of 1 changed algebraic structure upon conjugation. 
 

• Conjugation (in this setting) need not preserve algebraic structure. 
 

 
 
 
 


