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The Tower of Hanoi

Legend has it that hidden in an ancient Indian temple, there is a room with three tall posts
jutting from the floor.1 At the dawn of time, the first post held a tower of 64 golden disks,
each slightly smaller than the previous, stacked according to the Divine Rule.

1 (Actually, this “legend” was invented shortly after the puzzle was introduced.)

The Divine Rule
No disk may rest upon a disk which is smaller than itself.

Brahmin monks were tasked with moving the tower from the first post to the third, one disk
at a time, always adhering to the Divine Rule. The legend states that when the monks
complete their task, the world will end.

Supposing the monks, who had 64 disks to relocate, could move one disk per second. They
would need 264 − 1 ≈ 1.85× 1019 seconds, or about 5.8× 1011 years, to reconstruct the
tower. Given that the universe is estimated to be under 15 billion years old, we’re probably
safe for a while. Let’s just hope those monks don’t work too fast!

History of the Tower of Hanoi Puzzle

Introduced by Edouard Lucas in 1883, under the pseudonym N. Claus, and marketed as a puzzle
game, the Tower of Hanoi and its variants have been the subject of hundreds of scholarly articles,
in fields ranging from mathematics to computer science to psychology. It is famous amongst
students and faculty in computer science because the recursive nature of its solution makes for an
interesting yet tractable project for learning about recursive functions.

It has long been known that the version with 3-pegs and n disks requires a minimum 2n − 1 moves
to complete. We won’t provide the solution here, since that is half the fun.

Variants of the Tower of Hanoi are a subject of active research today. For example, the properties
of the puzzle change significantly when one increases the number of pegs available.

Analyzing the Tower of Hanoi - Coding the Configurations

Suppose we are in the process of solving the puzzle. The disks are on various pegs, but the Divine
Rule is satisfied. We need only to know which peg each disk is on in order to know the exact
configuration of all the disks, because there is only way a collection of disks can all occupy the
same peg and still satisfy the Divine Rule. We make this mathematically precise below.

Number the pegs: 0, 1, 2. Then number the disks 1, 2, . . . , n, from smallest to largest. Let
X = {0, 1, 2} be our alphabet, corresponding to the three pegs. A word of length n over X is a
string x1x2 . . . xn with xi ∈ X for 1 ≤ i ≤ n.

Each word x1x2 . . . xn represents a configuration of the n-disk puzzle: For each i from 1 to n, if
xi = j , then disk i is on peg j . As noted above, the Divine Rule ensures that there is no ambiguity
— there is a one-to-one correspondence between strings of the form x1x2 . . . xn over X and valid
configurations of the puzzle.

Example The word w = 0000000 is a configuration of the 7-disk puzzle, and all are on peg 0 —
so the puzzle is in the initial state. The only two configurations that can be reached directly from
here are 1000000 and 2000000, corresponding to moving the smallest disk to either peg 1 or peg 2.

Example The word w = 10120 is a configuration of the 5-disk puzzle, where disks 1 and 3 are
on peg 1, disks 2 and 5 are on peg 0, and disk 4 is on peg 2.

Valid Moves

There always exists exactly one valid move between any two pegs, i and j :

a(ij) =

⎧⎨
⎩

If both pegs i and j have disks, then move the smaller disk between them.
If only one of pegs i and j has a disk, then move the only disk between them.
Do nothing if neither peg i nor peg j has a disk

For each n, we can view a(ij) as a function Xn → Xn.
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The Fractal Tower of Hanoi

When solving the Tower of Hanoi on n disks, the recursive approach seeks to replace the problem
with a simpler version of itself.

Because of this self-similarity, the Tower of Hanoi, when viewed with all possible numbers of disks
at once (that is, letting n range from 1 to ∞) exhibits a fractal nature a very concrete way. In
fact, when we view the set of all possible configurations of the puzzle (as described under
“Analyzing the Tower of Hanoi”), and the relationships between those configurations, we obtain
discrete approximations of the Sierpinski Gasket, as described below.

Configuraton Graphs

The set of configurations form vertices of a graph whose edges join pairs of configurations
swapped by valid moves.

When n = 1, the single disk may either be on peg 0, 1, or 2:
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When n = 2, the set of configurations is X 2 = {00, 10, 20, 01, 11, 21, 02, 12, 22}, and the graph is:
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When n = 3, there are 27 configurations:

000
100 200

120 210
220 020 010 110

221 112
021 121 212 012

011 101 202 022
111 211 201 001 002 102 112 222

The Sierpinski Gasket - A Fractal Triangle

As we increase the number of disks in our system, our configuration graphs develop an ever finer
structure, which is very similar in shape to a graph form Sierpinski Gasket. The Sierpinski Gasket
is created through an iterated process:

The Sierpinski Gasket was originally described in a mathematically rigorous way by Waclaw
Sierpinski around 1915, one of the first mathematical forays into the world of fractals. However,
drawings of some stage of approximation of the triangle have existed for over a millenium, dating
back to the 13th-century.

The Tower of Hanoi Group

The set X ∗ of all words over X = {0, 1, 2} (of any length) has the structure of a (rooted) tree:

n = 0 : ∅
n = 1 : 0 1 2

n = 2 : 00 01 02 10 11 12 20 21 22

n = 3 : . . . . . . . . . . . . . . . . . . . . . . .

The nth level of X ∗ consists of all configurations of the n-disk puzzle, so X ∗ encapsulates all
configurations of the Tower of Hanoi for any number of disks. This tree contains uncountably many
symmetries, but there is a subset of of symmetries, called H3 — the Tower of Hanoi Group on 3
pegs, consisting of symmetries which on each level correspond to a sequence of valid moves, a(ij).

Self Similarity in the Tower of Hanoi Group, H3

The action of a valid move a(ij) on X ∗ is defined as follows: For n = 1, act as the transposition

(ij). For example, a(01) swaps 0 and 1:
a(01)
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For n > 1: Swap first instance (i.e., smallest disk) of peg i or j in a word, then do nothing. We
can recursively define a(ij) as follows: Any nonempty word in X ∗ can be written xw , where x ∈ X

and w ∈ X ∗ (so that we “peek” at the first letter, x). Then:

a(ij)(xw) =

⎧⎨
⎩

jw if x = i
iw if x = j

xa(ij)(w) otherwise

Example The action of a(01) on X ∗:
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Each a(ij) is a recursively defined symmetry of X ∗, and H3 is the full subgroup of the symmetry

group of X ∗ generated by {a(01), a(02), a(12)}.

A Machine for Generating the Tower of Hanoi Group

A finite state automaton is a theoretical model for a simple type of computing machine. Every
self-similar group can be completely described by such a model. The diagram below illustrates the
automaton which generates the Tower of Hanoi group. Each of the four circles below is a “state,”
one for each aij and one for the trivial “identity” map. Given a string x1x2 . . . xn, and a choice of
generator aij , begin at the state aij and read through the string, one position at a time. An arrow of

of the form
(k ,l)→ indicates that if you see k , then move to the prescribed state and replace k with l .
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